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Preface 


This book is an elementary account of the geometry of curves and surfaces. 
It is written for students who have completed standard first courses in 
calculus and linear algebra, and its aim is to introduce some of the main 
ideas of differential geometry. 

The traditional undergraduate course in differential geometry has changed 
very little in the last few decades. By contrast, geometry has been ad¬ 
vancing very rapidly at the research level, and there is general agreement 
that the undergraduate course needs to be brought up to date. I have tried 
to think through the classical material, to prune and augment it, and to 
write down the results in a reasonably clean and modern mathematical style- 
However, I have used a new idea only if it really pays its way by simplify¬ 
ing and clarifying the exposition. 

Chapter I establishes the language of the book—a language compounded of 
familiar parts of calculus and linear algebra. Chapter II describes the 
method of “moving frames,” which is introduced, as in elementary calculus, 
to study curves in space. In Chapter III we investigate the rigid motions 
of space, in terms of which congruence of curves (or surfaces) in space is 
defined in the same fashion as congruence of triangles in the plane. 

Chapter IV requires special comment. The main weakness of classical 
differential geometry was its lack of any adequate definition of surface. 
In this chapter we decide just what a surface is, and show that each surface 
has a differential and integral calculus of its own, strictly comparable with 
the familiar calculus of the plane. This exposition provides an introduction 
to the notion of differentiable manifold , which has become indispensable to 
those branches of mathematics and its applications based on the calculus. 

The next two chapters are devoted to the geometry of surfaces in 3-space. 
Chapter V stresses intuitive and computational aspects to give geometrical 
meaning to the theory presented in Chapter VI. In the final chapter, al¬ 
though our methods are unchanged, there is a radical shift of viewpoint. 
Roughly speaking, we study the geometry of a surface as seen by Us inhabi- 
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tants, with no assumption that the surface is to be found in ordinary three- 
dimensional space. 

No branch of mathematics makes a more direct appeal to the intuition 
than geometry. 1 have sought to emphasize this by a large number of lllus- 
trations, which form an integral part of the text. A set of exercises appears 
at the end of each section; these range from routine tests of comprehension 

to more seriously challenging problems. 

In teaching from preliminary versions of this book, I have usually cov¬ 
ered the background material in Chapter I rather rapidly, and have not 
devoted any classroom time to Chapter III (hence also Section 8 of Chapter 
VI). A course in the geometry of curves and surfaces m space might consist 
of- Chapter II, Chapter IV (omit Sections 6 and 8), Chapter V, and Chapter 
VI (omit Sections 6 and 7). This is essentially the content of the tradi¬ 
tional undergraduate course in differential geometry, with clarification of 
the concepts of surface and mapping of surfaces. 

The omitted sections in the list above are used only in Chapter VII. I his 
final chapter, an extensive account of two-dimensional Riemannian geom¬ 
etry, is in a sense the goal of the book. Rather than shift the discourse to 
higher dimensions, I have preferred to retain dimension 2, so that this more 
sophisticated view of geometry will develop directly from the special case 
of surfaces in 3-space. Chapter VII is long, and on a first reading Theorem 
f>.9 and Sections 6 and 7 may well be omitted. Serious use of differential 
equations theory has been largely avoided in the early chapters;however 
some acquaintance with the fundamentals of the subject will be helpful 
in Chapter VII. 

Los Angeles, California 


B. O’N. 
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Introduction 


This book presupposes a reasonable knowledge of elementary calculus and 
linear algebra. It is a working knowledge of the fundamentals that is 
actually required. The reader will, for example, frequently be called upon 
to use the chain rule for differentiation, but its proof need not concern us. 

Calculus deals mostly with real-valued functions of one or more varia¬ 
bles, linear algebra with functions (linear transformations) from one 
vector space to another. We shall need functions of these and other types, 
so we give here general definitions which cover all types. 

A set S is a collection of objects which are called the elements of S. A 
set A is a subset of £ provided each element of A is also an element of S. 

A function f from a set D to a set R is a rule that assigns to each element 
x of D a unique element f(x) of R. The element f(x) is called the value 
of / at x. The set D is called the domain of /; the set R is often called the 
range of /. If we wish to emphasize the domain and range of a function /, 
the notation f.D^R is used. Note that the function is denoted by a single 
letter, say /, while/ (x) is merely a value of /. 

Many different terms are used for functions—mappings, transformations, 
correspondences, operators, and so on. A function can be described in 
various ways, the simplest case being an explicit formula such as 

f(x) = 3af + 1, 

which we may also write as x —> 3a; 2 + 1. 

If both /i and f% are functions from D to /£, then fi = / 2 means that 
fi(x) = / 2 (a;) for all x in D. This is not a definition, but a logical consequence 
of the definition of function. 

Let f: D —> R and g: E —> S be functions. In general, the image of f is 
the subset of R consisting of all elements of the form f(x); it is usually 
denoted by f(D). Now if this image also happens to be a subset of the 
domain E of g , it is possible to combine these two functions to obtain the 
composite function g(f): D —> S. By definition, g(f) is the function whose 
value on each element x of 1) is the element g(f(x)) of S. 
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If f . D ^ R is a function and A is a subset of D, then the restriction of 
/ to A is the function /1 A: A -> R defined by the same rule as /, but applied 
only to elements of A. This seems a rather minor change, but the function 
/ 1 A may have properties quite different from / itself. 

Here are two vital properties which a function may possess. A function 
J; l) —> }{ is one-to-one, provided that if x and y are any elements of D such 
that x *y, then f(x) * f(y). A function f: D—> R is onto (or carries D 
onto R) provided that for every element y of R there is at least one element 
x of D such that f(x) = y. In short, the image of / is the entire set R. For 
example, consider the following functions, each of which has the real 
numbers as both domain and range: 

(1) The function x —> x 3 is both one-to-one and onto. 

(2) The exponential function x -> e x is one-to-one, but not onto. 

(3) The function x —► x z + x is onto, but not one-to-one. 

(4) The sine function x —> sin x is neither one-to-one nor onto. 

If a function f:D—>R is both one-to-one and onto, then for each ele¬ 
ment y of R there is one and only one element x such that /(z) = y. By 
defining/ -1 {y) = x for all x and y so related, we obtain a function/ 1 :R->D 
called the inverse of /. Note that the function/ is also one-to-one and onto, 
and that its inverse function is the original function /. 

Here is a short list of the main notations used throughout the book, in 
order of their appearance in Chapter I: 


p, q, 

. points 

(Sec. 1) 

/, g, . 

real-valued functions 

(Sec. 1) 

v, w, . 

tangent vectors 

(Sec. 2) 

V, w, . 

. . . vector fields 

(Sec. 2) 

a, fi, . 

. curves 

(Sec. 4) 

</>, yp, . 

differential forms 

(Sec. 5) 

F,G, . 

. mappings 

(Sec. 7) 


In Chapter I we define these concepts for Euclidean 3-space. (Extension 
to arbitrary dimensions is virtually automatic.) In Chapter IV we show 
how these concepts can be adapted to a surface. 

A few references are given to the brief bibliography at the end of the 
book; these are indicated by numbers in square brackets. 
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A 

Acceleration, 54, 68 
of a curve in a surface, 196, 324(Ex. 3) 
intrinsic, 320 

Adapted frame field, 246-251 
Algebraic area, 289-290, 386(Ex. 6) 
All-umbilic surface, 257-259 
Alternation rule, 27, 47, 153 
Angle, 44 

coordinate, 210 
exterior, 374 
interior, 374 
oriented, 291 

Angle function, 50(Ex. 12), 295(Ex. 15) 
Antipodal mapping, 165 (Ex. 5) 

Antipodal points, 182 
Arc length, 51-52, 220(Ex. 7) 
function, 51 
Area, 280-286 

Area form, 283-284, 292, 309(Ex. 4) 
Area-preserving mapping, 295(Ex. 16) 
Associated frame field, 276-277 
Asymptotic curves, 226-227, 230 
Asymptotic directions, 225-227 
Attitude matrix, 46, 88 

B 

Basis formulas, 251 
Bending, 268, 275(Ex. 5) 

Binormal, 57, 66, 69 
Boundary 

of a region, 386 
of a 2-segment, 170 

Bracket operation, 81 (Ex. 7), 195 (Ex. 9) 
Bugle surface, 241-242, 244 (Ex. 9), 282- 
283, 291 

C 

Canonical isomorphism, 7-8, 44, 59 
Canonical parametrization, 238 
Cartan, E., 42, 92, 96, 303 
Cartesian plane, 306 


Cartesian product, 187 (Ex. 9) 

Catenoid, 236 

Gaussian curvature, 236, 239 
total, 287-288 

Gauss mapping, 296 (Ex. 20) 
local isometry onto, 267-268 
as minimal surface, 236-238 
principal curvatures, 236 
Center of curvature, 64 (Ex. 6) 

Circle, 59, 62 

Clairut parametrization, 330-339 
Closed surface in E 3 , 181 (Ex. 10), 263 n 
Codazzi equations, 249, 255 
Compact surface, 176-177, 259-260 
Complete surface, see Geodesically com¬ 
plete surface 
Composite function, 1 
Cone, 140(Ex. 5), 231 (Ex. 11) 

Conformal geometric structure, 305-306, 
308(Ex. 1), 312-313 
Conformal mapping, 268-271, 310 
Conformal patch, 270(Ex. 7), 279(Ex. 2) 
Congruence of curves, 116-123 
determined by curvature and torsion, 
117 

Congruence of surfaces, 189, 297-303 
Conjugate point, 353-359 
Connected surface, 176 
Connection equations 
on Euclidean space, 86, 248 
on a surface, 248, 318 
Connection forms 

on Euclidean space, 85-90 
on a surface, 248, 272, 277, 306 
Conoid, 233(Ex. 20) 

Consistent formula for a mapping, 165 
(Ex. 10) 

Coordinate angle, 210, 220(Ex. 8) 
Coordinate expression, 143, 165(Ex. 6) 
Coordinate patch, see Patch 
Coordinate system, 158(Ex. 9), 276-277 
Covariant derivative 
Euclidean, 77-80, 116(Ex. 5), 189-190, 
321 
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intrinsic, 318-326 
on a patch, 212, 324-326 
Covariant derivative formula, 91 (Ex. 5), 
189-190, 321 

Cross product, 47-49, 107, 110 
Cross-sectional curve, 138 
Curvature, see also Gaussian curvature 
of a curve in E 2 , 65(Ex. 8), 122-123 
of a curve in E 3 , 57, 66, 69 
Curve, 15 
closed, 169 

coordinate expression for, 144 
one-one, 20 
periodic, 20 
plane, 61 
regular, 20 
simple closed, 151 n 
in a surface, 144-145 
unparametrized, 20-21 
Curve segment, 56(Ex. 10), 167 
Cylinder, 129, 231 (Ex. 11) 
geodesics, 275(Ex. 2), 352(Ex. 8) 
parametrization, 137, 141 (Ex. 6) 
Cylindrical frame field, 82-83 
connection forms, 89-90 
dual 1-forms, 96(Ex. 4) 

Cylindrical helix, 72-75 

D 

Darboux, 81 
Degree 

of a form, 27, 152 

of a mapping, 386(Ex. 6) 

Derivative of Euclidean vector field, 113 
Derivative map, 35-40 
of an isometry, 104 
of a mapping of surfaces, 160-161, 166 
of a patch, 149(Ex. 4) 

Diffeomorphism, 38, 40(Ex. 11), 161 
Differentiability, 4, 10, 33, 143, 145-146 
Differential, 23-26 
Differential form 

closed or exact, 157(Ex. 2), 173-175 
on E 2 , 156 
on E 3 , 22-31 
on a surface, 152-157 
pullback, 163 
Direction, 196 

Directional derivative, 11-15, 149 
computation of, 12, 25 


Director curve, 140 
Distribution parameter, 232(Ex. 14) 
Domain, 1 

Dot product, 42-44, 46, 82, 210 
preserved by isometries, 105 
Dual 1-forms, 91-92, 248, 306 
Dupin curves, 208(Ex. 5) 

E 

E, E, G } 140(Ex. 2), 210, 317 (Ex. 8) 

Edge (curve), 170, 373, 377 
Ellipsoid, 142 (Ex. 10) 

Euclidean symmetries, 303(Ex. 10) 
Gaussian curvature, 217-219, 222(Ex 
19) 

isometry group, 365 
umbilics, 223(Ex. 23) 

Elliptic hyperboloid, 142(Ex. 10), 221-222 
Elliptic paraboloid, 142(Ex. 11), 220(Ex. 
6 ) 

Enneper’s surface, 221 (Ex. 12) 

Euclid, 335-336 

Euclidean coordinate functions, 9, 15, 24. 
33, 53 

Euclidean distance, 43, 49(Ex. 2) 
Euclidean geometry, 112, 304-305, 308 
Euclidean plane, 5, 305, 335-336 
local isometries, 363-364 
Euclidean space, 3, 5 
Euclidean symmetry, 302-303, 365 
Euclidean vector field, 147 
Euler-Poincar6 characteristic, 378-380 
Euler’s formula, 201 
Evolute, 75(Ex. 15) 

Exterior angle, 374 

Exterior derivative, 28-31, 31-32, 154-155 

F 

Faces, 377 

Flat surface, 207, 231(Ex. 11), 263(Ex. 2) 
Flat torus, 316, 317(Ex. 5), 370(Ex. 7) 
imbedding in E 4 , 369 
Focal point, 362 
Form, see Differential form 
Frame, 44 
Frame field 
adapted, 246 
on a curve, 120 
on E 3 , 82 
natural, 9 
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principal, 254 
on surface, 251, 306 
transferred, 272-273 
Frame-homogeneous surface, 366 
Frenet, 81 

Frenet apparatus, 63 (Ex. 1), 71 
Frenet approximation, 60-61, 65(Fa:. 9) 
Frenet formulas, 58, 67 
Frenet frame field, 57 
Function, 1-2 
one-to-one, 2 
onto, 2 

G 

Gauss, 245, 274, 303 

Gauss-Bonnet formula, 375-377, 383-385, 
388 (Fa;. 11) 

Gauss-Bonnet theorem, 380-383, 387 (Ex. 

8) 

Gauss equation, 249 

Gaussian curvature, 203-207, 310-312, see 
also individual surfaces 
differentiability, 206 
formulas 

explicit, 206, 212, 217, 253, 278 
implicit, 205, 252 
Gauss mapping and, 289 
geodesic curvature and, 339 (Ex. 19) 
geodesics and, 355-358 
holonomy and, 325(Fa;. 5) 
interval, 275 (Ex. 3) 
isometric invariance, 273-275 
in Jacobi equation, 355 
polar circles and, 359-360 
polar discs and, 361 (Fa;. 2) 
principal curvatures and, 203 
shape operator and, 203 
sign, 204-205 

Gauss mapping, 194-195, 289-291 
Geodesic ally complete surface, 263n, 
328-329 

shortest geodesic segments in, 348 
Geodesic curvature, 230(Fx. 7), 329-330, 
337 (Ex. 9) 
total, 372-373 

Geodesic polar mapping, 340-341 
Geodesic polar parametrization, 341-344 
Geodesics, 228-232, 326-363, see also in¬ 
dividual surfaces 
closed, 232 (Ex. 13) 


coordinate formulas, 327, 333 
existence and uniqueness, 328 
frame fields and, 250 (Ex. 1) 
length-minimizing properties, 339-359 
preserved by (local) isometries, 275 
(Ex. 1), 326, 362-363 
spreading of, 353-354 
on surfaces of nonpositive curvature, 
358, 388 (Fa;. 13) 

Geographical patch, 134-135 
Geometric surface, 305, 308 
Gradient, 32 (Ex. 8), 50(Fa;. 11) 
as normal vector field, 148, 216 
Group,103 
Euclidean, 103 

Euclidean symmetry, 302 (Ex. 7) 
isometry, 365 
orthogonal, 104 

II 

Halmos symbol, 9 
Handle, 379, 382 

Hausdorff axiom, 186 (Ex. 5), 345n 
Helicoid, 141 (Ex. 7) 

Gauss mapping, 296 (Ex. 20) 
local isometries, 267, 275-276 
patch computations for, 213-214 
as ruled minimal surface, 227, 233 (Ex. 
22 ) 

Helix, 15-16, 58-59, 119 
Hilbert’s lemma, 261 
Hilbert’s theorem, 263 
Holonomy, 323-325 
angle, 323 

Gaussian curvature and, 325(Fa;. 5) 
Homogeneous surface, 366-368, 370 
Homotopic to constant, 175 
Hopf, 386, 389 

Hyperbolic paraboloid, 143 (Ex. 12), 220 
(Ex. 6) 

Hyperbolic plane, 315-316 

geodesic completeness, 351 (Fa;. 1) 
geodesics, 334-336 
isometries, 371 (Fa;. 14) 
local isometries, 364 
of pseudo-radius r, 317 (Ex. 4) 

I 

Identity mapping, 99 
Image, 1 
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Image curve, 33 

Immersed surface, 187(Ex. 10), 219, 368 
Improper integral, 285-286 
Induced inner product, 308, 313 
Initial velocity, 21 (Ex. 6) 

Inner product, 304, 316-317 
Integral curve, 186-187 
Integral of function, 286, 292 (Ex. 4) 
Integration of differential forms, 167- 
176, 283-297 

1-forms over 1-segments, 167-169, 172- 
173 

1- forms over oriented regions, 285, 

292(Ex. 4) 

2- forms over 2-segments, 169-172, 

174 (Ex. 8), 297 (Ex. 21) 

Interior angle, 374 

Intrinsic distance, 264-265, 269 (Ex. 3), 
351 

Intrinsic geometry, 271, 304 
Inverse function, 2 
Inverse function theorem, 39, 161-162 
Isometric imbedding, 367-369 
Isometric immersion, 367-369 
Isometric invariant, 271, 304 
Isometric surfaces, 265 
Isometry of Euclidean space, 98-111 
decomposition theorem, 101 
derivative map, 104 
determined by frames, 105 
Isometry group, 365 

Isometry of surfaces, 263-266 , 270-275, 
306 

Euclidean isometries and, 297-299 
isometric immersions and, 367 
Isothermal coordinates, 279 (Ex. 2) 

J 

J (rotation operator), 309(I&c. 5) 
Jacobian, 288, 294 (Ex. 8), 296 (Ex. 17) 
Jacobian matrix, 37 
Jacobi equation, 355-357, 361 (Ex. 6) 

K 

Kronecker delta, 23, 45 

L 

P, m, «, 211-213 

Lagrange identity, 2Q<d(Ex. 6) 

Law of cosines, 370 (Ex. 10) 


Leibnizian property, 13 
Length 

of a curve segment, see Arc length 
of a vector, 44 
Levi Civita, 322 
Liebmann’s theorem, 262 
Line of curvature, see Principal curve 
Liouville parametrization, 339(Ex. 18) 
Local isometry, 265-270, 362-365 
of constant curvature surfaces, 364 
criteria for, 266, 2Q9(Ex. 1), 270 (Ex. 10) 
determined by frames, 363 
Local minimization of arc length, 352-358 

M 

Manifold, 184-187 
Mapping 

of Euclidean spaces, 32-41 
of surfaces, 158-166 

Mean curvature, 203 , 205-208 , 212, 217, 
252 

Mercator projection, 271 (Ex. 13) 

Metric tensor, 305 
Minimal surface, 207, 27 5(Ex. 5) 
examples, 238 
flat, 263(Ex. 1) 

Gauss mapping, 294 (Ex. 6), 296 (Ex. 20) 
of revolution, 236-238 
ruled, 233 (Ex. 22) 

Minimization of arc length, 340 
Mobius band, 178, 180(lfc. 7) 

Monge patch, 127, 219 
Monkey saddle, 132 (Ex. 6), 205 , 231 (Ex 
9) 

Gaussian curvature, 220 (Ex. 5) 

N 

Natural coordinate functions, 4 
Natural frame field, 9 
Neighborhood, 43, 125 
normal, 341 
Norm, 43 

Normal curvature, 195-202, 221 (Ex. 14) 
sign of, 198 
Normal section, 197 
Normal vector field, 147 
w-polygon, 388-389 

O 

1-segment, 167 
One-to-one, 2 
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Onto, 2 

Open interval, 15 

Open set, 5, 43, 151-152 

Orientable surface, 177-178, 185(Ex. 1) 

Orientation 

determined by a patch, 374 
of a frame, 107 
of a patch, 285 
of a paving, 285 
of a surface, 195, 284 
of tangent frame fields, 291 
Orientation-preserving (-reversing) isom¬ 
etry, 109, 296 

Orientation-preserving (-reversing) re- 
parametrization, 52 
Oriented angle, 291 
Orthogonal coordinates, 276-280 
Gaussian curvature formula, 278 
Orthogonal matrix, 46 
Orthogonal transformation, 100 
Orthogonal vectors, 44 
Orthonormal expansion, 45-46, 83 
Orthonormal frame, see Frame 
Osculating circle, 64 (Ex. 6) 

Osculating plane, 61 

P 

Parallel curves, 116 
Parallel postulate, 336 
Parallel surfaces, 209-210 
Parallel translation, 323 
Parallel vector field, 54-55, 322 
Parallel vectors, 6 
Parameter curves, 133 
Parametrization of a curve, 21 
Parametrization in a surface, 135 
criteria for regularity, 136, 140(i£r. 2) 
decomposable into patches, 165 (Ex. 9) 
Partial velocities, 134, 136, 146 
Patch, 124-137 
abstract, 182, 184 
geometric computations, 210-216 
Monge, 127 

orthogonal, 220 (Ex. 9), 276-280 
principal, 220(Ex. 9), 280 (Ex. 4) 
proper, 124, 152 (Ex. 14) 

Patchlike 2-segment, 281 
Paving, 283, 377 
Planar point, 205 

Plane in E 3 , 60, 131 {Ex. 2), 228, 256 
identified with E 2 , 126 


Poincar6 half-plane, 309 (Ex. 2) 

Gaussian curvature, 317 (Ex. 1) 
geodesics, 337 (Ex. 6) 
isometric to hvperbolic plane, 371 (Ex. 
15) 

polar circles, 351 (Ex. 2) 

Point of application, 6 
Pointwise principle, 8 
Polar circle, 346, 359-360 
Polar disc, 361 {Ex. 2) 

Polygonal region, 386 
Pre-geodesic, 330 
Principal curvatures, 199-207 
as characteristic values, 200 
formula for, 206 

Principal curve, 223-225, 230-232, 263 
(Ex. 4) 

Principal direction, 199 
Principal frame field, 254 
Principal normal, 57, 66, 69 
Principal vectors, 199, 220 (Ex. 10), 223 
(Ex. 22) 

as characteristic vectors, 200 
Projective plane, 182-183 
geodesics, 337 (Ex. 8) 
geometric structure, 317 (Ex. 6) 
homogeneity, 371 (Ex. 11) 
natural mapping (projection), 183 
topological properties, 186 (Ex. 2) 
Pseudosphere, see Bugle surface 
Pullback, 163 

0 

Quadratic approximation, 202-204 
Quadric surface, 142, 294 (Ex. 10) 

R 

Rectangular decomposition, 377 
Reflection, 109 
Regular curve, 20 
Regular mapping, 38, 161 
Reparametrization, 18 
monotone, 56 (Ex. 10) 
orientation-preserving (-reversing), 52 
unit-speed, 51 
Riemann, 304, 336 
Riemannian geometry, 308, 389-390 
Riemannian manifold, 308 
Rigid motion, see Isometry of Euclidean 
space 

Rigidity, 301 (Ex. 1) 
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Rotation, 111 (Ex. 4) 

Ruled surface, 140-143, 227, 231-233 
noncylindrical, 232(Ex. 14) 
total Gaussian curvature, 294(Ex. 9) 
Ruling, 140 

S 

Saddle surface, 192 
doubly ruled, 227 
Euclidean symmetries, 303(Ex. 9) 
patch computations, 214-216 
principal vectors, 221 (Ex. 11) 

Scalar multiplication, 3, 8-9 
Scale factor, 268 
Scherk’s surface, 222(Ex. 21) 
patch in, 303(Ex. 11) 

Gauss mapping, 296(Ex. 20) 

Schwarz inequality, 44 
Serret, 81 

Shape operator, 190-194 
characteristic polynomial, 208(Ex. 4) 
covariant derivatives and, 324(Ex. 3) 
as derivative of Gauss mapping, 289 
frame fields, in terms of, 248 
Gaussian and mean curvature, and, 203 
of an immersed surface, 368 
normal curvature and, 196 
preserved by Euclidean isometries, 
297-298 

principal curvatures and vectors, and, 
200 

proof of symmetry, 212-213, 251 (Ex. 6) 
Shortest curve segment, 340 
Sign of an isometry, 108 
Simple region, 294-295 
Simply connected surface, 176, 363 
Slant of a geodesic, 331, 338 
Smooth overlap, 145, 182 
Speed, 51 
Sphere, 128 

conjugate points, 354, 357-358 
Euclidean symmetries, 302(Ex. 8) 
frame-homogeneity, 370(Ex. 6) 
Gaussian curvature, 207, 219(Ex. 1), 
253, 360, 361 (Ex. 2) 
geodesics, 228-229, 346-347 
geographical patch, 134-135, 277-278 
geometric characterizations, 258, 259, 
262 

geometric structures, 383 
with handles, 379 


holonomy, 323-324, 337(Ex. 4) 
local isometries, 363-365 
rigidity, 301 (Ex. 1) 
shape operator, 191-192 
topological properties, 176-178, 378 
Spherical curve, 63, 65(Ex. 10) 

Spherical frame field, 83 
adapted to sphere, 248-249, 277-278 
dual and connection forms, 94-95 
Spherical image 
of a curve, 71, 75(Ex. 11) 
of a surface, see Gauss mapping 
Standard geometric surface, 363-366 
Stereographic plane, 314 
Stereographic projection, 160, 162 
as conformal mapping, 271 (Ex. 14) 
Stereographic sphere, 314, 337 (Ex. 5) 
Stokes’ theorem, 170-172, 387(Ex. 7) 
Straight line, 15, 18, 55, 229(Ex. 1) 
length-minimizing propert ies, 56 (Ex. 
1) 

Striction curve, 232 (Ex. 14) 

Structural equations 
on E 3 , 92-95 

on a surface, 249, 252, 292, 311-312 
Subset, 1 

Support function, 218, 222, 256 
Surface 

abstract, 182-184 
in E 3 , 125, 306, 367 
implicit definition, 127-128 
geometric, 305 
immersed, 368 

Surface of revolution, 129-130, 234-244 
area, 292(Ex. 2) 
augmented, 133 (Ex. 12) 
of constant curvature, 239-241, 244 
(Ex. 9), 294 (Ex. 7) 
diffeomorphism types, 187(Ex. 8) 
Gaussian curvature, 235, 238, 242, 
243(Ex. 5) 

geodesics, 338(Ex. 13) 
local characterization, 270(Ex. 12) 
meridians and parallels, 130 
natural frame field, 279 
paramet ri z at i on 
canonical, 238 
special, 143 (Ex. 13) 
usual, 138-139 
principal curvatures, 235 
principal curves, 225, 235 
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topological properties, 182(Ex. 14) 
total curvature, 293(Ex. 5) 

Symmetry equation, 249 

T 

Tangent bundle, 185 
Tangent line, 22(Ex. 9) 

Tangent plane, 146, 150(Ex. 9) 

Tangent space, 7 
Tangent surface, 231 (Ex. 11) 
isometries of, 270(Ex. 5), 301 (Ex. 2) 
Tangent vector 
to E 3 , 6, 14 

to a surface, 146, 183-184 
Theorema egregium , 273-275 
Topological properties, 176-182, 380rc 
Toroidal frame field, 84(Ex. 4), 95(Ex. 2), 
250-251 

Torsion, 58, 66 
formula, 69 
sign, 114-115 
Torus of revolution, 139 
Euler-Poincar6 characteristic, 379, 387 
(Ex. 9) 

Gaussian curvature, 204-205, 235-236 
Gauss mapping, 194(Ex. 5), 290-291 
patch computations, 235-236 
total Gaussian curvature, 287, 291 
usual parametrization, 139 
Total curvature of a curve, 76(Ex. 16) 
Total Gaussian curvature, 286-291, 380- 
385 

Euler-Poincare characteristic, and, 380 
Gauss mapping, and, 290 
holonomy and, 325(Ex. 5) 
of a patch, 325(Ex. 5) 

Total geodesic curvature, 372-375, 386 
(Ex. 4), 389(Ex. 15) 


Transferred frame field, 272-273 
Translation, 98-100, 109 
Triangle, 383-385 
Triangle inequality, 347 
Triple scalar product, 48-49, 108 
Tube, 221 (Ex. 16) 

2-segment, 169 

U 

Umbilic point, 200, 221 (Ex. 13), see also 
All-umbilic surface 
Unit normal function, 211, 368 
Unit normal vector field, 180(Ex. 5), 190 
Unit points, 34 
Unit speed curve, 51 
Unit sphere, 125 
Unit tangent, 56, 66, 69 
Unit vector, 44 

V 

Vector, see Tangent vector 
Vector analysis, 31 (Ex. 8) 

Vector field 

on an abstract surface, 183 
on a curve, 52-54, 320 
on Euclidean space, 8 
on a surface in E 3 , 147-149, 151 (Ex. 12) 
normal, 147, 149 
tangent, 147, 149 
Vector part, 6 
Velocity, 17-18, 183-184 
Vertices, 373-374 

W 

Wedge product, 27-28, 153 
Winding number, 174(Ex. 5) 
















